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Abstract

®
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By solving the (3 4+ 1)D free-space Schrodinger equation in polar coordinates analytically,
we have investigated the propagation of 3D controllably accelerating and decelerating
Airy—Bessel-Gaussian (CAiBG) wave packets, even CAiBG wave packets, odd CAiBG wave
packets and the superposition of several CAiBG wave packets in free space. The CAiBG
wave packets are constructed with the Airy pulses with initial velocity in temporal domain
and the Bessel-Gaussian beams in space domain. Due to the initial velocity on Airy pulses,
we can obtain decelerating and accelerating Airy—Bessel-Gaussian wave packets by selecting
different initial velocities. Moreover, by superposing several CAiBG wave packets, we can

obtain the rotating wave packets.

Keywords: spatiotemporal Airy—Bessel-Gaussian wave packets, accelerating and decelerating,

initial velocity, linear (3 + 1)D Schrodinger equation

(Some figures may appear in colour only in the online journal)

1. Introduction

Since the finite energy Airy beams were first demonstrated
theoretically and produced experimentally by Siviloglou and
Christodoulides in 2007 [1, 2], they have attracted consider-
able interest in optics along the world [3—11]. As a solution of
the Schrodinger equation without external potential [12], Airy
beams have unusual propagation characteristics including self-
acceleration [2], self-healing [3] and quasi-diffraction-free [4],
which lead to their many potential applications in optics such
as micro-manipulation [13-15], filamentation [16], Airy plas-
mon generation [17], and vacuum electron acceleration [18, 19].
Recently, some studies of Airy beams with additional initial con-
ditions including initial frequency chirp [20], initial velocity [21]
and initial quadratic phase modulation [22] have been investigated.

On the other hand, the generation of Airy beams in light
bullets that are impervious to both dispersion and diffraction
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has gained increasing attention [23-28]. Chong et al first
experimentally realized the 3D Airy—Bessel wave packets by
combining spatial Bessel beams and temporal Airy pulses in
2010 [23]. Then in the same year, Abdollahpour et al demon-
strated spatiotemporal Airy light bullets with an Airy wave-
form both in temporal and space domains in the linear and
nonlinear regimes [24]. Eichelkrant et al investigated the
oblique spatiotemporal Airy wave packets with oblique Airy
wave-form both in temporal and space domains and oblique
spatiotemporal Airy—Bessel wave packets with oblique Airy
pulses in temporal and oblique Airy beams in space domain
using polar rotations in bidispersive optical media [25]. The
other spatiotemporal wave packets with Airy pulses includ-
ing Airy-vortex wave packets [26], Airy—Laguerre—Gaussian
wave packets [27], Airy—Hermite—-Gaussian wave packets
[28], have been demonstrated. But almost all researches of
these spatiotemporal wave packets using the Airy pulses

© 2016 Astro Ltd Printed in the UK
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without initial velocity. Therefore, it will be interesting to
investigate the spatiotemporal wave packets which are gener-
ated by combing the Airy pulses with initial velocity in tem-
poral domain and other beams in space domain.

In this letter, we construct the Airy pulses with initial veloc-
ity in temporal domain and the Bessel-Gaussian vortex beams
in space domain to obtain the controllably accelerating and
decelerating Airy—Bessel-Gaussian (CAiBG) wave packets,
and investigate their propagation properties in free space. In
addition, we also discuss the propagation of the superposition
of several CAiBG wave packets.

2. The model of CAiBG wave packets

In the 3D diffractive and dispersive optical paraxial system, the
propagation of the 3D light wave packets along the direction
z in free space is obedient to the (3+1)D linear Schrédinger
equation, which can be read in normalized form in polor coor-
dinates [2, 23, 24]:

1 0°U  9*U

0U+ £+la—U+——+— =0, (1
oz OR> ROR R?0y? > (D

where U(Z,R, p,t) denotes the light field amplitude,
R = x>+ y*/wy and t represent the normalized trans-
verse coordinates, respectively. Z = z/kw(z) is the normalized
propagation distance with the Rayleigh length kwg, where
k = 2mno/ )\ is the wave number (A is the vacuum wavelength
and ny is the refractive index of free space) and wy is the beam-
waist width of a Gaussian beam in the x—y plane, ¢ is the
azimuth angle. Some parameters are chosen as wy = 100 pm,
nop = 1 and Ay = 632.8 nm.

To obtain one solution of equation (1), we resort to a sepa-
ration of variables and assume a solution of the form:

U= MR, p,Z)Pc(R,Z)P(t,Z)e ", )

iR?

where ®G(R,Z) = Z;jie2(2—i), 0 is the propagation constant.

‘We can obtain the following two differential equations by sub-
stituting equation (2) into equation (1):
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Firstly, we concentrate on equation (3). It is obvious that
equation (3) is the one dimensional Schrodinger equation with-
out any potential. The accelerating Airy function as a solution
of equation (3) has been studied extensively [1-4]. Here, we
investigate the dynamics of finite-energy Airy pulses with ini-
tial velocity in the temporal # domain, which can be written as
P(0,1) = Ai(t)e“e™ in the input plane, where v, represents
the magnitude of the velocity vector [21], Ai(-) is the Airy
function and a is the truncation of the Airy function [1, 2].

We can obtain the solution by directly solving equation (3)
with such initial condition as:

2 2
P(Z,t) = Al([+1azvoz ZT) (tfvoz,%)

ia2z—2 T /4
><e[Z(aZ Vol +-2vot —voZ°+1Z) 12]. (5)

From equation (5), we can find the trajectory of such
Airy pulses during propagation, in the form: t = voZ + Z*/4.
Having found the analytical expression of the propagation of
finite-energy Airy pulses with initial velocity in the temporal ¢
domain in equation (5), figure 1 shows that the temporal evo-
lution of Airy pulses as a function of propagation distance for
different values of initial velocity. When vy = 0, figure 1(b)
is consistent with the expression for spatial Airy beams
[1, 2], which can also be seen in equation (5). For the case of
vo = —3 is shown in figure 1(a), the trajectory of such Airy
pulses decelerate in propagation. While for the case of vy = 3
shown in figure 1(c), the Airy pulses are distorted quickly and
accelerate faster. It is also interesting to find the Airy pulses
at first display deceleration and then display acceleration
when —3 < vy < 0, which is predicted in [21].

Next, we consider the solution of equation (4). To find a solu-
tion of equation (4), here we assume R; = Z_—fiihR (h is an arbi-

trary stretching coefficient), M = M(Z)M»(R;)¢(p), and obtain
the following two Schrodinger equations with lower dimensions:

a’¢
a2 +m*p =0, (6)
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where m is the topological charge of the vortex. We can
obtain the solution of equation (6) by solving it directly:
¢(p) = e*"¥ where the signs & denote the positive and neg-
ative vortices.

Finally, we search for the solution of equation (7). By mul-

tiplying “ —

algebras, we can obtain

Z—-i* i dM;  (Z—i)?

y on both sides of equation (7) and after some

L2 =8, 8
202 M, dZ e 0o ®)
1 d*M: 1 dM, m?
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M dR} MR dR, R
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Equation (8) can be solved directly as M} = cpe™ 7
where ¢y is an arbitrary constant. And equation (9) can be
written as:

> &M,

R dM,

— +R——
dR? dRy

We let p = \/E R, and obtain

+ (BiR} — mH)M, = (10)
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Figure 1. The temporal evolution of Airy pulses as a function of propagation distance for different values of initial velocities. The left
column denotes the contour-plot intensity of the finite-energy Airy beams with different initial velocities during propagation, and the right
column denotes the intensity profile at various distances with different initial velocities. (a)—(c) Represent vo = —3, vo = 0 and vy = 3,

respectively. The decay constant is chosen as a = 0.15.

d’M. dM

+(p>—m>)HM, = 0.
a7 a0 (p M,

(11)

It is obvious that equation (11) is the well-known m-order
Bessel function of the first kind [29], whose solution can be
obtained as M, = J,,(p). Combining M, M, and ¢, we obtain
the solution of equation (4):

2in28, _

M = coe” Z=i Jm(\/EZ

iR?

e2Z-0).
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X (12)
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Finally, by substituting equations (5) and (12) into
equation (1), the exact solution of equation (2) can be
written as

_2ik%py —2i
7 Jm(m L
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3. Controllable Airy—Bessel-Gaussian wave
packets

3.1. Vortex CAiBG wave packets

Figure 2 displays the wave packet intensity (|U[?) of the CAiBG
wave packets with h =1, ¢ =1, and m = 2 in free space.
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Figure 2. Snapshots describing the evolution of the spatiotemporal CAiBG wave packets with m = 2, taken (a) at Z =0, (b)—(d) at Z = 2.

(b)—(d) Represent vo = —3, vy = 0 and vy = 3, respectively.

@)

X -10 -10 N

Figure 3. The 3D spatiotemporal even CAiBG wave packets with m =

vo = 0 and vy = 3, respectively.

We can see the initial CAiBG wave packets with several vor-
tex rings in figure 2(a), which reduce to two vortex rings at
Z =2 in figures 2(b)—(d). By comparing to figures 2(b)—(d),
we can obtain the decelerating vortex-Airy—Bessel-Gaussian

10

00 &

Ty

2, taken (a) at Z = 0, (b)—(d) at Z = 2. (b)—(d) Represent vo = —3,

wave packets in figure 2(b) and accelerating vortex-Airy—
Bessel-Gaussian wave packets in figures 2(c) and (d). And
different initial velocities hardly affect the structure in the
plane domain during propagation.
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Figure 4. Iso-surface plots of the superposition of several CAiBG wave packets, taken (a) at Z = 0, (b)—(d) at Z = 2. (b)—(d) Represent

vo = —3, vo = 0 and vy = 3, respectively.
3.2. Even and odd CAiBG wave packets

Besides the solution of vortex CAiBG wave packets, the even
and odd CAiBG wave packets can be obtained as:

U = %[U(m)—k U(—m)]

2ih23 i —i iR
= coe” zfillm(dﬂ] ZIIhR) ! -e2(Z—0)
Z—i Z—i
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X 62 WL A DL D) (o1 o (14)
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) 72 [ oz Z _Q]
x Ai(t +iaZ — voZ — 7)e (-5 )- 1%
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The spatiotemporal even CAiBG wave packets are
shown in figure 3. The 3D decelerating (figure 3(b)) and
accelerating (figures 3(c) and (d)) necklace wave packets
are obtained. We can find that each lobe contains 2m beads
along the r axis. And the necklace wave packets are sym-
metric when m is an integer, which is asymmetric when m
is a fraction.

3.3. The superposition of several CAiBG wave packets

According to the superpositions of the beams [30-32], we
also consider what will happen to the superposition of several
CAiBG wave packets:

4
Us= > U(m)
m=1
4 2in8 —92j i _iR?
= coe‘—z—ilJm(\/E l.hR) L exz-1
el Z—i Z—i

X Ai(t +iaZ — voZ — ZTZ)e[a(ZVOZ 272)7%]

i 2 .
% e%(a227 vol+ 2v0t7voZZ+tZ)elm<p'

(16)

Figure 4 depicts the iso-surface plots of the intensity dis-
tributions of the superposition of several CAiBG wave pack-
ets. In figure 4(a), we can easily see the noncentrosymmetric
wave packets in the initial plane. We can also find that the
wave packets rotate during propagation in figures 4(b)—(d),
which decelerate in figure 4(b) and accelerate in figures 4(c)
and (d).

4. Conclusions

In summary, by solving the (3 + 1)D free-space Schrodinger
equation in polar coordinates analytically, we have inves-
tigated the propagation of 3D CAiBG wave packets, even
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CAiBG wave packets, odd CAiBG wave packets and the
superposition of several CAiBG wave packets in free space.
The CAiBG wave packets are constructed with the Airy pulses
with initial velocity in temporal domain and the Bessel-
Gaussian beams in space domain. Due to the initial velocity
on Airy pulses, we can obtain decelerating and accelerating
Airy—Bessel-Gaussian wave packets by selecting different
initial velocities. Moreover, by superposing several CAiBG
wave packets, we can obtain the rotating wave packets.

Our result is also applicable to generate other controllably
decelerating and accelerating Airy wave packets with other
beams in space domain in polar or Cartesian coordinates. And
our demonstration may lead to potential applications of such
wave packets in optical communications.
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